Forward jets in the colour-dipole model 
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We show that a forward jet with large transverse momentum in an onium-onium collision is a 
hard probe which can be effectively characterized by a colour-dipole distribution at the time 
of the interaction. The dipole distribution is computed, and compared to its counterpart for a 
virtual photon in the initial state. We find that while in the photon case, the tail of large sizes is 
exponentially cut-off, it contributes sizeably in the forward-jet case, which signs the sensitivity 
of observables based on such events to the infrared region. Moreover, a direct probabilistic 
interpretation of the dipole distribution fails since it takes negative values in the large size 
region. 



1 Introduction. 

The physics at HERA has proved the successes of (re- 
summed) perturbative QCD in describing many observ- 
ables accurately measured there: inclusive ones like the 
structure function F2, but also more exclusive ones, like 
the difFractive structure function , or heavy meson 
production. The justification for relying on a perturba- 
tive development is that the deep-inelastic scattering pro- 
cess naturally provides a well-controlled hard scale given 
by the photon virtual! ty Q^, which makes the effective 
strong coupling constant asiQ"^) small enough. On the 
one hand, the physics of these observables is usually well 
described by the renormalization group evolution [Q, H, |^ 
between a lower scale Qq at which the proton parton den- 
sities are parametrized and the scale Q^. On the other 
hand, the cross-section for the events selected with the 
requirement that a forward jet of transverse momentum 

of the order of be present in the final state is seem- 
ingly not described by a straightforward DGLAP evolu- 
tion (see ref. Q and references therein): as a matter of 
fact, these Regge-like kinematics are expected to select 
the BFKL dynamics [|, |, |l. 

Inp — p collisions at the Tevatron, no hard scale is pro- 
vided by the initial state. However, it can be generated 
in the scattering and manifests itself in the final state 
in the form of a jet with a large transverse momentum. 
Events of this class are also accessible to a perturbative 
QCD interpretation. 

In this letter, we focus on high-energy onia (massive qq 
states) collisions, as a model for p—p collisions at high en- 
ergy when high-mass scales are selected by forward jets. 
The inclusive cross-sections for onia collisions have been 
described using a dipole cascade modelling the rapidity 
evolution of the qq pairs before their interaction Q . Here 
we require that at least the first (most forward) gluon 
which goes to the final state has its transverse momentum 
larger than a scale /i; this gluon becomes a forward-jet, 



and we interpret it as an effective colour-dipole distribu- 
tion present at the time of the scattering. 

In section 2, we detail the modelisation that we adopt 
for the forward jet. We show in section 3 how we can 
extract to double-leading logarithmic (DLL) approxima- 
tion, the dipole content of such an object. Section 4 
contains our conclusions and outlook. 



2 Emission of a forward gluon in the final state. 

The onium-onium forward scattering amplitude in- 
volves the exchange of two gluons between the initial 
onia. At high-energy, one has to take into account the 
possibility of multiple splittings of these t-channel glu- 
ons. This can be done either by (fc_L)factorizing a 
BFKL-like ladder between the bare onia, or equivalently 
by computing the two-gluon exchange diagram between 
the onia dressed by an arbitrary number of soft "sea" 
gluons. The latter approach inspired the colour-dipole 
model of ref. The equivalence between these two 
methods was shown on different features of both pictures 
in ref.@ 000. 

In this section, we shall derive in a ^-channel picture 
the gluon density / which is to be considered in an inter- 
acting "onium-|-forward-jet" system as the starting-point 
of a BFKL evolution. The next section will be devoted to 
the interpretation of the obtained density as an effective 
primordial dipole density inside the forward jet. 

We have to compute the "dipole -|- (virtual)gluon 

-I- gluon" amplitude, where the initial-state dipole of 
radius r is part of an onium, and the final-state gluon 
has a transverse momentum q. The modulus q = \q\ is 
larger than a given scale /i. Having in mind the fact 
that in a physical process the initial-state dipole will be 
part of a hadron instead of an onium, we will consider in 
the following that fi^l/r whenever needed for technical 
purpose. 
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FIG. 1: One of the diagrams contributing to the dipole — 
g* — !■ 5 (forward) +... cross-section. The horizontal dashed 
lines represent the points where k±- factorization is ap- 
plied. 

We start with the (virtual)gluon-dipole cross-section 
ag-d which defines the gluon density inside a dipole at 
fowest order in a = asNc/n. It reads (see ref.[0): 



-ik-a 



(1) 



It can be expressed as an inverse Melhn-transform in the 
transverse plane: 



/0(P 



^{krf^v{<j), (2) 



where v is interpreted as the well-known dipolc-gluon 
"vertex" in the Mellin space: 



v{a) = 



r(l-a) 



fj r(i+CT) ■ 



(3) 



We then factorize the emission of a real gluon. It can be 
computed directly in the high-energy limit by evaluating 
the relevant graphs (one of them is pictured in fig.|l]), but 
it is also convenient to see it as one step of the BFKL lad- 
der. The initial gluon density /° and the density / after 
emission of a gluon are related through the formula: 



log- 

X 



-A^')/Mfc+gf ) , (4) 



which is the lowest order (in as) BFKL equation writ- 
ten in an unfolded form (sec for instance ref. jwj). The 
variable x is proportional to \t\/s, where s and t are the 
ordinary Mandelstam variables for the reaction. In deep- 
inelastic scattering, x would stand for the Bjorken vari- 
able. 

Let us write the Mellin-transform of cq.(|3): 
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|fcpV°(|fc + gf ) , (5) 



where we used similar notations as in ref.|], although we 
have not performed the Mellin-transform with respect to 
X. The variable 7 describes a path ]7o — ioo, 70 -I- ioo[ 
in the complex plane, with < TZejo < 1/2. Inserting 
eqs. (0)-(|) into cq.(|), it follows that: 
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(6) 



The integration over k can easily be performed switching 
to complex variables and using the well-known identity 
(see [|5[ and references therein): 



dzdz 
2i 
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valid for 7^ea, 7^e/? > and 7^e(a + /3) < 2. The result 
reads: 
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where the Meijer-function (which arguments will be 
abreviated in the following) writes: 



G 



(^'^") = A^ItJ a2(l-7-. 



r(l-7-a) 



— 7 — cr) r(7 + CT) 



(9) 



the contour of integration C being defined on fig. 2. The 
function Hl)ll '^^'^ ^^en as the coefficient-function in 
the sense of ref. H, for the onium+forward-jet system. 




FIG. 2: Contour of integration. Crosses: poles of the in- 
tegrand. Circles: double poles. Dashed line: contour of 
integration after deformation. 
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3 Interpretation in the colour-dipole model. 

In ref.|jl^, a relation was established between the 
coefficient- function h{'y)/j of a virtual photon and its 
corresponding squared wave-function (^(7) on a dipole 
basis. We shall make use of it in the present context 
of semi-exclusive factorization to extract the dipole con- 
tent of the forward jet from the coefficient-function found 
above, at DLL accuracy. The double- logs should mani- 
fest themselves through factors like alog(l/2:) log(r/ro), 
where tq is a characteristic size for the final state. The 
relationship between the squared wave-function and the 
coefficient-function reads: 



1/1(7) 



1 



a 7 11(1 — 7) 



(10) 



An intuitive way of understanding this relation could be 
the following: dividing the coefficient-function pictured 
in fig.|l|by the factor w(l— 7) amounts to getting rid of the 
vertex of the lowest gluon which in this picture is also a 
gluon-dipole vertex. Hence one ends up with the dipole 
content of the scattering object: 



Vil) = 4a log 
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(11) 



Let us explore the limit /ir ^ 1, in which the forward jet 
has a transverse momentum much larger than the char- 
acteristic scale of the initial onium. The Meijer-function 
can be approximated in a straightforward manner 
by picking the pole (at tr = 0) which lies on the left of the 
integration path. Indeed, the contour C can be deformed 
to C (see fig. 2) since the integral converges on any path 
such that TZe a>ao, where ctq = — 1/2 — TZe 7: 
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The integral taken on the contour C is subdominant by 
some power of 2/(/ir) with respect to the contribution of 
the double-pole at ct = 0, and one writes: 

^35(7,Mr) = ^^^^^=^|21og^-VX7)-V^(l-7) + 



1-7 



- {terms suppressed by powers of 1/ (nr) } 



(13) 



This approximation proves to be very good numerically 
even for relatively small fir. 



Then the squared dipole wave-function reads, in this 
approximation: 

.c)^«(.o.^)(f)'-'ffi^(..».f 

+ . (14) 

1-7/ 

We want to obtain an expression for the distribution of 
dipoles in the system in coordinate space, i.e. as a func- 
tion of the transverse size p. It is given by the inverse- 
Mellin transform of 1^(7): 



I f d-f 
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(15) 



We obtain the following result: 



V{p) 8a ( log - 
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(16) 



The second term is not relevant in our approximation, 
since the limit of large pr selects the DLL; the terms be- 
yond this approximation are not under control. Hence 
the interaction of the system formed by the initial dipole 
and the forward gluon can be viewed as a dipole-dipole 
interaction provided the system is described by the fol- 
lowing dipole distribution: 



'^dll(p) = 8a lo, 



1 



log- -Jiipp) 
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Let us give an interpretation of the various factors 
in this distribution. First, note that the dependence 
on the initial dipole size r only appears in the fac- 
tor log(r/p). This remarkable fact technically results 
from the combination of the term log(/ir/2) and the 
inverse- Mellin transform of the tp functions in the inverse- 
Mellin transform of eq. (|l^) . Physically, the overall factor 
2alog(l/x) log(r/p) can then be interpreted as the prob- 
ability of finding a dipole of size p inside a dipole of size 
r. Indeed, in the DLL approximation at lowest order in 
Us and assuming an available energy proportional to l/x, 
the probability of finding a dipole of size |^ between \p\ 
and |r| inside a dipole of size r reads 0]: 



d?' Q 



a flog -\ ( ^ = 2a log - log - , (18) 



where the second approximate equality holds when g <^ 
r. Dividing out this factor in eq.(p7|) leads to the uni- 
versal dipole content of the gluon radiated into the final 
state. We normalize the first moment of the obtained 
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squared wave-function to unity-'^ (i.e. ^(7 = 1/2) 
and so we are led to: 



(j}{p) = —Jiifip) 
P 



Note that this squared wave-function for which we pro- 
vide a derivation here is exactly the one (integrated over 
the energy-share variable z and properly normalized) 
that was postulated in ref. To see this, we only 

need to recall that the Mellin transform of the function 
Ji(pp)/ p reads: 



= 1), with p (~ yO~^/^), which means that dipoles of large size 
occur with a non-negligible probability. The width of 
the distribution is of order l//i, but since its behaviour 
^]^g^ at infinity is only powerlike, p is not a clean cutoff. It 
has an oscillatory behaviour, the oscillation length being 
of the order of 1/ p. However, cj) takes also negative val- 
ues, which indicates that it does not allow for a direct 
probabilistic interpretation like in the case of the gg-pair 
distribution <P inside the photon. 



TT 
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The behaviour of (j) is represented in fig. 3. It is com- 
pared to the behaviour of the transverse virtual photon 
squared wave-function in qq pairs, integrated over the 
fraction of the photon longitudinal momentum z carried 
by the quark. This photon wave-function reads: 

^'''iP) iyzp'z{l-z){z' + {l-zf) X 

X Kf{pp^z{l~z)) , (21) 

where the same normalization (j)'^ {"f— 1/2) = 1 has been 
enforced. 




FIG. 3: Dipole density as a function of the transverse 
size. The scale p has been set to 1. Continuous line: 
forward-jet. Dashed line: (transverse) virtual photon. 

Some remarks are in order. The squared wave-function 
(f> represents the effective distribution of dipoles resulting 
from a final-state gluon which has its transverse momen- 
tum larger than p. Wc note that it is slowly decreasing 



4 Conclusions and outlook. 

Using a straightforward model and a QCD calculation 
in the DLL approximation, we have shown that a glu- 
onic hard probe in the final-state can be characterized 
by a dipole-distribution (^(p). This distribution decreases 
weakly with p and takes negative values. We confirm the 
(integrated over z) result obtained in ref . ||l6[| . 

The obtained distribution can now be used to compute 
processes of several topologies: for instance deep-inelasic 
scattering on a forward-jet at small-x, p—p interactions 
with two jets in the final-state separated by a large rapid- 
ity range. In any case, the dipole formulation for these 
observables is of the type: 



^7 



27 



21^72(1-7)2 VQo. 

X / d'pp'-'Hp) I d^ptp'r^'MPt) , (22) 



where ^(7) = 2'!/'(l)— '(/'(t)— V'(l~7) is the eigenvalue of the 
BFKL kernel, and Y the rapidity range between the two 
probes characterized by the dipole distributions and 0t . 
Note that the simplest observable one can compute us- 
ing this formula is the cross-section a for the production 
of dijets of respective transverse momenta larger than fci 
and ^2 in hadronic collisions. It reads: 



a oc 



dj 



1 



kik2 J 2iTT 7(1 — 7) 



, \ 27 
fc2 



(23) 



which is the Mueller-Navelet formula modulo some 
normalization we did not keep precise track of. Hence 
this little calculation provides a further check of our 
dipole distribution. 

This study may deserve several further investigations 
and improvements. First of all, we worked only up to 
terms beyond the DLL approximation. It would be use- 
ful to perform a more complete calculation, by comput- 
ing to leading log-l/a; precision all the graphs of the type 
of the one in fig.l which contribute, to see if the dipole 
factorization still holds. 



'^This choice means that (f> has now the unusual dimension [mass]"^, but it enables a comparison to the photon squared wave- function 
(j)'^ , for which the 7 = moment diverges logarithmically. 
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On the other hand, it would be nice to supplement 
our indirect method of extracting the dipole content by 
a more direct calculation in the framework of the colour- 
dipole model: this would insure the full control of the 
leading log-l/x, including a correct treatment of the 
virtual corrections. Although quite straightforward to 
formulate, the latter calculation exhibits many technical 
difficulties. Both these proposed improvements deserve 
more studies. 
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